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1. Introduction

In this paper we shall consider a multi-item inventory problem with

unspecified sinlle-item unit costs. Rather than examining a single cost

function, we shall deal with an approach which incorporates aggregate

objectives and constraints. The objectives are low investment, low total

cost@ and high service-level. The constraints are storage room capacity

and available workload for handling the orders. These capacities might be

increased or decreased in certain fixed quantities; such changes in workload

and storage room incur costs which are independent of whether or not these

capacities are used to their full extent. The objectives are conflicting

and in many real world problems there seems to be no single cost function

for determining an optimal decision. This is due to the fact that there is

no decision unity; instead, there are different departments, different

managers and differing interests involved. low smch the company should

invest in inventory and what service level should be required cannot be

determined simply by. evaluating a single cost function, but Is rather a

result of intensive discussions. What operations research can offer is a

description of the relationship between investment and service-level; i.e.,

for a certain investment we are able to maximize the service-level under

the constraints of storage room and workload. Furthermore we might study

the effect upon an alteration of the constraints. This enables the

management to find an "appropriate" decision weighing the different interests

ascertaining that there is no solution with lower total costs and higher

service-level.

Despite the enormous number of papers on inventory models there are

only a few articles concerning this important problem. Most papers start
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by assuming that marginal holding, shortage and ordering costs are given.

Bit marginal ordering costs are difficult to measure. Most suggested

approaches for determining ordering costs in the accounting literature

result in average rather than marginal costs (151. Zn practice there Ia

usually a certain vorkload available which might be increased in fixed

quantities. Assigning average order costs therefore does not solve this

particular inventory problem. Holding costs should be composed not only

of the cost for capital but also of marginal costs tsking into considera-

tLon a storage room restriction. The use of shortage costs in inventory

theory has not been adopted by most practitioners (21 since there is no

basis for their ueasurement in accounting mfhodology [15).

Only a few authors deal with an aggregate inventory problem as described

above.

Starr and Killer (131 have considered an "optimal policy curvet' for

deterministic demand. Scbrady and Choe [11) considered a continuous review

inventory system with constraints. Gardner and Danenbring (31 emtended

Starr's and Miller's approach by considering a continuous review stochastic

model. They presented a method that avoids cost measurement problems and.

incorporates aggregate objectives and constraints. They describe a

procedure for obtaining an optimal policy surface, the axes of which are

measured in aggregate terms: the percentage of inventory shortages, as a

measure of customer service; the workload in terms of the number of annual

stock replenishment orders; and total investment, the sum of cycle and

safety stocks. Aggregate inventory decisions are defined as the selection

of a combination of the three variables. This model obviously reflects

the true decision problem in practice much better than a sLngle-item cost

model. In fact data simulation is frequently employed in practice to

solve decision problems described above.
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Unfortunately the underlying inventory model, considered by Gardner

and Dennebring, has some disadvantages which makes it Inapplicable in many

situations. Most of the inventory systems installed in practice have

periodic review and not continuous review (5]. It has been shown that,

given a certain inventory policy, the service-leval turns out to be very

, different in a periodic and in a continuous review system (9]. Further-

more we should be aware that there are different definitions of service-

levels [10], which result in very different ordering policies.

In the present paper a similar approach to that of Gardner and

Dannenbring is used. But there are some essential differences. First, a

periodic review multi-item inventory model Tb considered. Second, we

consider only two objectives, Investment and servica-level, subject to

workload and storage room restrictions. It seems to be more realistic to

begin with a given workload and storage room, which can be expanded in fixed

quantities, rather than to assume that workload and storage room are

continuous variables. Furthermore an overall cost evaluation is considered

Including costs of Investment, storage room and workload.

An interactive algorithm is presented which allows the selection of a

combination of service-level, investment, workload and storage room which

is "appropriate" for the management. This method produces combinations

which lie on an optimal surface.

Since in our method there are some approximations involved, we shall

prove the validity of the approximation formulas by means of a Monte Carlo

study in the final section. Accession For A#
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2. The Model

Consider an inventory model with a items. The stock of every item is

inspected at the beginning of a review period and an order is placed for

those items for which the stock level has fallen to the reorder point.

After a known lead time )i the orders will arrive. The demand of an item in

different periods is a random variable with known distribution. Let us

define for item k, k-l,23,...,n.

Xkt inventory on hand plus on order at the beginning of period t. before

an order is ,placed.

Qkt -order which is placed at the beginninjof period t

rkt - stochastic demand in period t. The demand in successive periods is a

sequence of independent and identically distribuged random variables

with cdf Fk(r), mean uk and variance 
2

Pk - price of item k.

Furthermore, it is assumed that demand which cannot be imediately

satisfied is backordered. We discuss a stationary inventory model and thus

it is sufficient to consider a single period inventory model where the

distribution of Xt is the stationary distribution *(x) [6). We will also

assume that a service level y , which is defined as

cumulative backorders per period
average demand per period

is an appropriate measure of customer service for product kou,...,n.

Notice that this definition of a service level is equivalent to assigning

shortage costs which are- dependent on the amount of items short and the

length of time the shortage lasts. A formal proof is given in [91. This

I.
2g~
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type of shortage cost is considered by moot authors [4), [111, [114.

In what follows we consider two objectives:

01: minimize the total investment as the sum of cycle and safety stock

A

02: maximize the service level y and two constraints

and two constraints

C1: the number of stock replenishment orders is restricted by the workload

capacity

C2: there is a storage room capacity restriction

This two-objective-decision problem is solved by determining the optimal

policy surface. For every point on the surface it holds that none of the

objectives can be improved without diminishing the other. Before proceeding

we shall make some remarks concerning the objectives and constraints. The

objectives reflect of course cost considerations and the constraints are

associated with costs which become relevant if alterations of the constraints

are allowed. With 01 we only control the variable holding costs induced by

invested capital. If the storage room in fixed the costs for holding this

room are fixed too and thus irrelevant for a decision. But often it is the

case that storage room Is rented In certain quantities and hence the costs

for holding a storage capacity becomes relevant for a decision. The same

is true for the workload restriction. We therefore consider a second set

of objectives without constraints.

S04 minimize total costs involving cost for workload, cost for invested

capital, and cost for holding a storage room.

05: maximize service level y

Both sets of objectives should be available for a decision process for

selecting an "appropriate" solution.

IW'a-a.qIA
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We shall now formally define our objectives and constraints. It is well

known that when given a single item inventory model of the type described

above an (s,S) policy is optimal (6]. We will thus consider (skSk)

policies In our approach. Let

I[ZklskSk] expected inventory at the end of a period for product k

SEQklSuSk] - expected .order quantity for product k

E]t[OkJshSkI - expected number of orders per period for product k

E KCII{sk Sk}] - expected invested capital in inventory

[ECOI{skSk}] - expected number of orders per period

I[SRI{hSk)] - expected storage room

Note that

"C11(sk-SO PkS k I' a kIs k)

I[sIk,.k} -k-

1(SRI(*k.Sk1I I akZklksk.SkI
k-1

where ak is the unit storage room for product k. We finally formulate

the two-objective-decision problem as

m E[SII(skSk) (1)
{Sk'Sk}

amx E[Y((Gk# SKbI (2

subject to
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EZ[SRI(ekSkl] Storage room capacity (SRI) (3)

Z[NOI(sk-Sk}] 4 Workload capacity (WLR) (4)

Considering a single item the expected values can be derived by [9].

D (s Dk L+ Sk.x)m(x)dx

-( I s, ) 0(5)

L(Sk)+ J L(Sk-X)m(x)dx
S['k( k Sk ) ' .X - ' (5)

0

-gl~k[ 1 I+(Dk) 1

where (see [91) M(e) and a(.) are solutions of the renewal equations
z z

M(W) - F(z)+ f M(z-t)dlk(t) U(z) - f(s)+ J u(Z-t)fk(t)dt
0 0

and L+ and L are defined by

L+(x)- J"(t-x)fk (t)dt
0

f(t -x) f X+ l (t)dt x Z- 0

where fk (t) is the pdf of demand in lead time plus review time. Note

that Dk - Sk-sk. Although an exact solution, i.e. the determination of the

optimal -policy surface, is in principle possible, we will not recommend

it since the approximation. provided below, will give such excellent

results that there is no incentive to carry out the extraordinary high

computations. Our approximation is based on empirical results [141 that

there is only little loss of optinality if the optimization is separated

I-"- ,'.,".
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I in determining first Dk -" k and afterwards ak . Furthermore, we consider

the expected values under the realistic assumption that Dk is large and we

are thus able to simplify the expressions (5) to (7). an approach which yas

introduced by Roberts ( 8 ]. Following. these principles we derive .the

simplified expected values

S Dk )

BEkI(a.sk)] Dk(l-. )+.s - (X+l)U1C+(1-)k (8)
. k

3NkI'kSk)] - Dk2

-2 2X+lJ" (t-S k) 2f k l(t/dt .

-(skSk) k- (10)

2[Dk+ t12k/2vtk]

2 2

where Qk D k+ 2k

The expression (8) is derived in the appendix; (9) is a well-known limiting

theorem of the renewal function M(D) (121 and (10) was derived in [9].

Since the constraint (4) will always be active we can solve this

optimization problem using the Lagrange method. Let

n n~Rt~

,L(QI...,QUP) I P kE[IklQkl + 0[ 1 E(NOkQ k] - WLR (11)
k-l k-1

A straightforward application of the Lagrange method yields

Q. (12)P k
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4. and

P (13)
WLR

2

The reorder points sk can now be calculated in a second step for various

service levels y. We determine *k by equation (10).

The cycle plus safety stock for product k and fixed service-level is

then

(1-0.5 Dk (14)

and thus the total investment is

CCII Y] - ZPkE[Ikl(sk.S)]

and the expected total storage room is

E[SRJY] - EakEI T(ak.Sk)'

which are both functions of the service level y. The latter value is now

compared with the storage room capacity. The service level can be increased

as long as the storage room constraint is not active. We obtain a diagram

which shows the investment versus service-level y; this diagram will end at

y, which marks the maximu service-level at which the storage room constraint

becomes active. In addition a diagram which gives the total costs (for

investment plus fixed costs for the storage room capacity plus fixed costs

for the workload capacity) versus service-level can be presented (see

figures 2 and 3). In contrast to the unit single item costs these fixed costs

are easy to determine. These diagrams are the basics for selecting an

"appropriate" service-level and investment by the management. The steps for

obtaining the diagrams are summarized in the following algorithm.
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Figure 1: Algorithm

Start

minimize capital invested in
inventory subject to vorkload
restriction (determination of
Dk. and cycle stock)

output: diagram a) service-level
vs Investment
(b) service-level vs
total costs

Yes selection of new storage room capacit

'I no
Yes s.election of no workload restriction]

no

0"

I -
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Example

In this subsection we shall consider an example with only 100 items

to describe the algorithm. In practice the service-level of items varies

from product to product. Some products, for example, are more vital than

others. Usually, however, one is able to classify the items and put them

into certain groups which have the same service-level requirements.

We thus define m groups such that

Yj -" g, j-nl,2,3,...,m

let nj be the number of products in subgroup j then

Y 31 k n 1 9- j

k~ n J-1

which yields to the restriction

-(15)

J-l n J-

Furthermore

Y_. 1l/max { (16)

The problem of assigning yk is thus reduced to determining m numbers g

which fulfill (15) and (16). This will usually be possible in a reasonable

way.

We shall now consider a situation in which the management has to

decide how much to invest during the year to come and what service-level

should be required. There is a certain workload available which allows

22 orders per week. The cost of this workload is $115,000 per year. Free

handling capacity cannot be used for other purposes. An increase or

decrease of workload is only possible in quantities which are equivalent

to 4 orders per week. The cost for such a workload quantum is $15,000

per year. There is also storage room available which allows for the

storage of 60,000 units. The cost for renting the storage room is

MY



-12-

• - $130,000 per year. Increase or decrease Is only possible in quantities of

10,000 units whit will cause costs of $20.000 per year. The following data

are assumed to be known

mean demand: k - 20+9.89(k-1) k - 1,2,...,100

vari ance: ~ 2 2 2k 1#&..90

c - 0.2, 0.4, 0.6, 0.8, 1.2, 1.6

unit storae room
of product k: is randomly chosen to be in the interval (0.5,1.5]

lead tine: is randomly chosen to be (2,3,4,56,7,8)

price: Pk = 500/u k - 1,2,...,100

service level: 5 groups of 20 products with the service levels 0.8y,

0.9y, y, l.1y, 1.2y

We assume a 1OZ Interest for the Invested capital. The algorithm is demon-

strated for c - 0.2. The management assigns an interval for the service-

level 602 --Q y 1001. According to the algorithm the following diagram is

plotted. Due to the workload restriction for handling and the storage room

restriction the maximum average service level is 79.5%, thus the diagram

ends at that point.
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Figure 2: Service-level versus investment
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S. Figure 3: Service-level versus total costs

4. S.

ii

, -

~Service Level

_m • We assume that the uiesmt likes to study the effect of an alteration

L 'of the restrictions on investment and service-level. First thsworkload

restriction is increased (11) and decreased (111) by 4 orders. Again the

_ - invested capital versus service-level is plotted for the three possibilities.

•,T'A
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Figure 4: The effect of an alteration of the workload
restriction. 1) initial situation, I) increase,
I1) decrease of workload restriction.

Z

"". -. I

Sevc leve

iI

I I

We see that a reduction of workload (curve 111) results in a lower available

service-level while an increase allowvs a higher service-level than 79.5Z.

i This is caused by a change of the cycle stock, whiLch decrease* (curve III)

L.'. or increases (curve 11) the available storage room for safety stock.

--' .Diagrma 5 gives the total costs for the alternatives.

.4 *WPL
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Figure 5: Service-level versus total costs for different
workload restrictions.

* a

. i9 4 a

Seric leeI

We notice that service-levels lower than 702 can be reached by a lower

woril oad than available at the beginning and thus by lover total costs.V The opposite holds if a higher service-level than 7%.5% is desired. Such

service-levels can only be reached with higher total costs.

Secondly, the storage room capacity is altered. For the Initial

situation, i.e. a workload which allows 22 orders, we increased and

.7 decreased the storage room by 10,000 units. We obtain the invested

capital versus service-level as show in figure 6.

I%
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Figure 6: Service-level versus Investment for different storage
room restrictions

0

qa .'

U.J

SA a. egas I 4Al V ~ l . , ~ e . 6
Service Level

Since the workload restriction is fixed, the cycle stock is constant and

only the safety stock increases, whiLch results in a curve ending at a

service-lisvel of 82.5%.

Figure 7 gives the total costs of the three alternatives.
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Figure 7: Service-level versus total coost I) initial situation
IT) increase, I1) decrease of storage room restriction
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~Altogether we have 9 alternatves; the maxiLmum servic&-levels and total

cost:s of these service levels are presented iLn Table 1.

Table 1: Maximal service-level and total costs for vari~ous
combinations of storage room and workload capacity

1%4

:eviocqe vom

301000 60.000 70.000

C964Tle N. Sea. Totsr Coe-lax. Sev. Total osts fr. Sa Total s ost

IS 60 0 216 6.Z 3 76 0,05 20

22 73.52 230 79.52 251 82.32 272

26 79.52 245 62.52 2" 2632 2



The four minimal cost combinations are presented in Table 2; figure 8 gives

the minimal total costs versus service-level. Table 2 shove that for our

example a maximum service-level of 73.5Z can be reached by the combination

of workload (22) and storage room (50,000). A service-level of 79.2Z can

be reached by increasing the workload capacity to (26). If a higher

service-level than 79.51 is required we increase the storage room capacity.

Table 2: Optimal Combinations of Workload
and Storase Room

Maximal Obtainable

Service-Level Workload Storage Room

-73.51 22 50,000

-79.51 26 50,000

-82.5Z 26 60,000

-83X 26 70,000

The total costs can be obtained from figure 8.

Figure 8: Service-level versus Total Costs
of Optimal Combinations2

' L!

U £!
0!

Service Level
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The man-gement now has all the necessary information to decide what

service-level and corresponding investment should be selected, and whether

or not the workload and the storage room restrictions should be altered.

We notice that with the selection of a certain point on one of the

curves presented above we determined the optimal inventory policy as well.

i.e. the set {a Sk Sk

3. Validation of the Model by Monte Carlo Simulation

The purpose of the simulation provided in this section is twofold.

First, we want to use the simulation results to test the accuracy of the

approximation formulas derived in section 2.. Second, we investigate the

variance of the various measures of system performance such as handling

used, inventory on hand, invested capital over the periods. Since the

restrictions are met by expected values, we have to be careful that the

variance is not too large.

We have performed 6 simulations for different demand structures, i.e.

c-0.2, 0.4, 0.6, 0.8, 1.2, 1.6. For c 10.5 a normal distribution was

used; otherwise the Samma distribution was found to be appropriate [9].

Notice that for increasing c the demand becomes very erratic. The

simulations were run for workload WL - 22 and service level y - 0.82. The

theoretic results for inventory on hand and invested capital are given

In Table 3.

I -
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Table 3: Theoretical results (y- 0.82 required) for mean storage room
and invested capital.

Expected Expected Invested Capital
c - VljU Storage Room In Inventory

o Used In$

0.2 67.312 68,855
0.4 86,185 87,167

0.6. 120,282 120,445

0.8 162,687 163,212

1.2 279,741 283,268

1.6 440,667 451,172

Table 4 gives the simulation results with 1000 periods and 50 repetitions.

Tab-le 4: Simulation results for mean storage room,
mean invested capital, mean handling and
meaw service-level.

Storae. Rom tread

mans Std Ax YAWs Std aZ

0.2 68.322 60 +1.5 22 0.01 40.1
0.4 66. 761 47 40.6 22 0.01 4.0.1
0.6 122,373 61 4.1.7 21., 0.01 -0.7
0.5 166.104 18? +.2.1 21.9 0.02 -0.6

*1.2 26.735 226 +.2.5 21.6 0.01 -1.9
1.6 645,062 261 4+1.0 22 0.01 -0.2

Isrented capital
Sevtcee-Level

0.2 69.926 51 4.1.6 822 0

0.4 67,830 63 +0.8 82n 0
0.6 122.855 53 +.2.0 62.52 0.5
0.8 l67,129 115 +2.4 642 2
1.2 2",.783 183 +2.3 83.52 1.5
1.6 452,373 222 +0.2 66" 4

as is pecestage . deiaties free theoretic valueI......
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The mean values of inventory and invested capital are about 2% higher than

the expected values. The mean workload meets the constraint for normal

demand, while for sporadic demand c > 0.5 the actual mean workload tends

to be lower than the constraint. The service-level y is as expected if the

demand is normal. For sporadic demand the actual service-level is higher

than the theoretical value. Tables 5 and 6 give the service-levels in

- .the 5 groups for c - 0.2 and c - 1.6, respectively.

Table 5: Service-level y for c - 0.2

Group N Required T Mean of Simulation 9%
1 65.6 65.8

" 2 73.8 73.8

3 82.0 82.0

4 90.2 90.2

5 98.4 98.4

Table 6: Service-level y for c - 1.6

Group N Required yZ Mean of Simulation y%.

1 65.6 . 73.4

2 73.8 80.4

3 82.0 86.8

4 90.2 92.9
.5 98.4 98.7

The expected value as a measure of performance might not be satisfactory

alone. In some periods the actual values fall below the restrictions;

in other periods above. But if the variance is not too high this is
v.1

acceptable. We therefore will present the standard deviation of the

actual inventory on handinvested capital and handling in a single

period.

B. -
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We would expect that as demand becomes more erratic the fluctuation

of the mentioned variables increases and thus results in a higher

standard deviation. But as we see from Table 7, while the standard

deviation of demand increases from 0.2m to 1.611, the standard deviation

of the inventory on hand in a single period increases only from 0.1 x

inventory on hand to 0.75 x inventory on hand.

Table 7: The effect of demand structure on the performance of storage
room and invested capital.

Storage Room Used
in 1000 Units Invested Capital Workload

c - / ean Std Std/Mean Mean Std Std/Mean Mean Std Std/Mean

0.2 68 7 0.1 70 6 0.08 22 4.0 0.18
0.4 87 8 0.09 88 7 0.08 22 4.0 0.18

0.6 122 11 0.09 123 10 0.08 22 4.1 0.19
0.8 166 17 0.1 167 15 0.09 22 4.1 0.19
1.2 287 43 0.15 290 39 0.13 22 4.3 0.2
1.6 445 64 0.15 452 57 0.13 22 4.4 0.2

To obtain a more precise picture of the actual performance of the inventory

system under consideration we studied the frequencies of inventory and

handling. Table 8 gives the frequency of inventory on hand in a single

period measured in term of deviation from the theoretical expected value.

MI
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* Table 8: Frequency of inventory on hand

//IJ 80Z 902 10OZ 1102 120Z 130Z 1402 150z

0.2 0.04 0.21 0.39 0.28 0.07 0.01 0 0

0.4 0.04 0.23 0.42 0.26 0.05 0 0 0

0.6 0.02 0.18 0.47 0.29 0.04 0 0 0

0.8 0.07 0.14 0.51 0.31 0.03 0.0 0 0

1.2 0.003 0.14 0.62 0.27 0.006 0.002 0.002 0.01

1.6 0.001 0.18 071 0.09 0.004 0.002 0.002 0.01

The conclusions we draw from Table 8 are not what we expected. For

c . 0.2, normal demand, in 39Z of the periods the actual inventory is as

predicted (100Z of expected value). In 212 of the periods the inventory

is IOZ below the expected value, while in 28Z of'the periods the inventory

is 102 above the expected value. As the variance of the demand increases,

the concentration around the expected values becomes stronger. For c - 1.6,

which is a very erratic demand, for 71% of the periods the actual inventory

is as predicted. We notice that the modal value of the simulation corre-

sponds with the theoretical expected value. The distribution of the

inventory turns out to be skewed to the right. When demand becomes erratic

it happens that in a very small number of cases the actual inventory is

502 above the expected value. The outliers cause the increasing variance.

Table 9 gives the frequencies of the orders per period. These

ofrequencies are almost independent of demand structure given by the value

C.

I
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Table 9: Frequencies of orders per period

• c=o/V 60Z 701 80Z 901 100% 110% 1201 130Z 1401 1501

* 0.2 0.02 0.06 0.12 0.17 0.28 0.16 0.11 0.05 0.02 0.01
0.4 0.02 0.06 0.12 0.16 0.28 0.15 0.11 0.06 0.03 0.01
0.6 0.03 0.06 0.12 0.17 0.28 0.15 0.10 0.05 0.03 0.01

0.8 0.03 0.06 0.12 0.17 0.28 0.15 0.10 0.05 0.03 0.01

1.2 0.03 0.06 0.12 0.17 0.28 0.15 0.10 0.05 0.03 0.01

1.6 0.03 0.06 0.11 0.16 0.28 0.16 0.11 0.06 0.02 0.01
:, Cumula-

0ive 0.03 0.09 0.20 0.36 0.64 080 0.91 0.97 0.99 1.00

The reason for the unexpected result, namely that fluctuation decreases as

i demand variation increases, is due to the correlation of the investigated

variables. The following figures show the autocorrelation function of

inventory and the number of orders for c - 0.2 and c - 1.6 respectively.

We see that for normal demand we obtain cycles of high inventory and a

high number of orders. This is due to the relatively high deterministic

' part of normal demand. It is obvious that during every 4th and 5th period

a high number of orders arrives. If demand is sporadic there is no

significant correlation between the number of orders in different periods.

The Inventory is highly autocorrelated as one would expect for sporadic

S' demand since there is no demand in most periods. But we also notice that

no cycles appear if demand is sporadic.

We might conclude from our simulation study that the performance of the

inventory system was close to that predicted by the theoretical model.

The modal values are the same as the expected values of the model. But

since the distribution of the variables under consideration tend to be*%
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skewed to the right the average of actual inventory and invested capital

Is 22 higher than the expected value. The service-levels are as

required. The variation of the variables are higher when demand has a

high deterministic part, i.e. c < 0.5. In this case we notice the

appearance of cycles In total inventory and orders. It seems that there

has been very little attention given to this problem up till now in

Inventory literature.

i.
4
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APPMDWIX

We will show that the expected inventory on hand has the asymptotic

value

1[ijs0S] * D)( ) + s-Vi+ + (1-y) u as D - 1Al)

Note that we omit the index k for convenience.

Proof: Let

S D D~aXs
(S-Z)*(x) dz+ f I (D+s-y-x)*(x) m(y)dxdy

0 0 04" I[Ijs.S] - 0,.,00.

1+4(D)

(I) It is easily seen that

S
f(S-Z)*x) dz -oD~suq4  as D m
0

(Ii) Note that (see Smith (121)

!iD ° ,U2
1+M(D) + as aD '

2U

where u 2 - U2 + a2

(Ii) lirst notice that

DD+s-y (Dsy x)4() +lm()dd D D "

f f (D+s-y-x)(x) a~l(y)dxdy S(D+s-UX+."-y)u(y)dy- f* (D+s-y-x)
0 0 0 D+s-y

x OW ()+tn(y)dxdy (A2)

then the first term at the right hand side of (A2) is

D D 1U2 D )
0+8-0~~ -KD)fy -d 1)+ D(- +

0 2ui 2U

V The d 2 IA2

The second term of (W) is asymptotically given (see (91) byI



D 2 ~ +
f f (D~s-y-x)OX (%)u(y)dxcdy 7xs ~~xa

f0 -ft0(x 2uasa

But I ly), 2*x 114K(fl an.4 (1.), (ii) and (iii) we obtain

J"44
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